
CSC 2515: Introduction to Machine Learning
Lecture 6: Probabilistic Models

Changjian Shui1

University of Toronto and Vector Institute

1
Credit for slides goes to many members of the ML Group at the U of T, and beyond, including

(recent past): Amir-Massoud, Roger Grosse, Murat Erdogdu, Richard Zemel, Juan Felipe Carrasquilla,
Emad Andrews, and myself.

Intro ML (UofT) CSC2515-Lec6 1 / 69



Table of Contents

1 Maximum Likelihood Estimator

2 Generative vs. Discriminative
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Overview

Goal: A more focused discussion on models that explicitly
represent probabilities

Revisiting MLE

Discriminative vs. Generative models

Generative models
▶ Näıve Bayes
▶ Gaussian Discriminant Analysis (and Linear Discriminant Analysis)

Bayesian approach to estimation and inference

Maximum A-Posteriori Estimation (MAP) of parameters
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Maximum Likelihood Estimator

Revisiting Maximum Likelihood
Estimator
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Revisiting Maximum Likelihood Estimiator (MLE)

We have seen before that some ML algorithms can be derived
using the Maximum Likelihood Estimation (MLE) principle.

▶ Example: Regression with squared loss could be obtained as the
MLE with a Gaussian noise model

Let’s try to understand MLE better by starting with a simple
example: Estimating the parameter of a biased coin

▶ You flip a coin N = 100 times. It lands heads NH = 55 times and
tails NT = 45 times.

▶ What is the probability that it will come up heads if we flip again?

Probabilistic Model: Flips are independent Bernoulli random
variables with parameter θ.

▶ Assume the observations are independent and identically
distributed (i.i.d.).

Intro ML (UofT) CSC2515-Lec6 5 / 69



Maximum Likelihood

The likelihood function is the probability of the observed data, as a
function of parameters θ.

This case: the probability of a particular sequence of H/T’s.

Under the Bernoulli model with i.i.d. observations: Let xi be the # Hs
in i-th flip (x ∈ {0, 1})

p(xi = 1|θ) = θ and p(xi = 0|θ) = 1− θ,

which can be written more compactly as

p(xi|θ) = θxi(1− θ)1−xi .
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Maximum Likelihood

Likelihood is

L(θ) =p(x1, ..., xN |θ) =
N∏
i=1

θxi(1− θ)1−xi = θNH (1− θ)NT ,

where NH =
∑

i xi and NT = N −
∑

i xi.
We usually work with log-likelihoods:

ℓ(θ) = logL(θ) = NH log θ +NT log(1− θ).

If NH = 55, NT = 45, the likelihood and log-likelihood as a
function of θ are as follows:
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Maximum Likelihood

Good values of θ should assign high probability to the observed
data. This motivates the maximum likelihood principle, i.e.,
choosing θ that maximizes the likelihood.

We set the derivative of the likelihood function to zero in order to
find its maximizer:

dℓ

dθ
=

d

dθ
(NH log θ +NT log(1− θ)) =

NH

θ
− NT

1− θ
.

Setting this to zero gives the maximum likelihood estimate:

θ̂ML =
NH

NH +NT
.

This is an intuitive result: We estimate the probability of H as the
number of H observed in data divided by the total number of data
points.

With this reminder, we are ready to talk about probabilistic
models.
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Generative vs. Discriminative Classifiers

Generative vs. Discriminative Classifiers
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Classification

Given inputs x and classes t we can do classification in several ways.
How?

Class 1

Class 2

<latexit sha1_base64="rMXlSURKw/lPFTiW5kl0pUi/7d0=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1m067dR9jdiCX0P3jV3+Of8C94E68e3KQ52JYOfDDMfAPDBDElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWyH0CFKeG4o4mmuB9LDFlAcS+YtDK/94ylIoI/6mmMfQZHnEQEQW2krhdE6ctsWK07DSeHvUrcgtRBgfawZl14oUAJw1wjCpUauE6s/RRKTRDFs4qXKBxDNIEjPDCUQ4aVn+Z1Z/a5UUI7EtIc13au/k+kkCk1ZYH5ZFCP1bKXies8PWazRY2OhCRGJmiNsdRWR7d+SnicaMzRvGyUUFsLO9vPDonESNOpIRCZPEE2GkMJkTYrV7w8mLYEY5CHKlvWXd5xlXSvGq7TcB+u6827YuMyOAVn4BK44AY0wT1ogw5A4Am8gjfwbn1YX9a39TN/LVlF5gQswPr9Azseskg=</latexit>

<latexit sha1_base64="A1zM+YNHgud71RITtqvuYSqWztU=">AAACTXicdVBLS8NAGNzUR7U+2urRy2JRPEhJiqDHYi8eFawKJpTNZtsu7iPsfhFKyC/xqr/Hsz/Em4jbNgdbceCDYeYbGCZOBbfg+x9eZWV1bb26sVnb2t7ZrTeae3dWZ4ayPtVCm4eYWCa4Yn3gINhDahiRsWD38VNv6t8/M2O5VrcwSVkkyUjxIacEnDRo1AGHXOEwD05xJyzwoNHy2/4M+C8JStJCJa4HTe84TDTNJFNABbH2MfBTiHJigFPBilqYWZYS+kRG7NFRRSSzUT5rXuAjpyR4qI07BXim/k7kRFo7kbH7lATGdtmbiv95MJbFoiZG2nAnc/qPsdQWhhdRzlWaAVN0XnaYCQwaT6fECTeMgpg4QqjLc4rpmBhCwQ1eC2fBvKelJCqxhVs2WN7xL7nrtAO/HdyctbqX5cYb6AAdohMUoHPURVfoGvURRRl6Qa/ozXv3Pr0v73v+WvHKzD5aQKX6A4Pds6Y=</latexit>

Features
(height, colour, etc.)
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Discriminative Classifiers

Discriminative: Classifier tries to either:

▶ learn mappings directly from the space of inputs X to class labels
{1, 2, . . . , C}

<latexit sha1_base64="A1zM+YNHgud71RITtqvuYSqWztU=">AAACTXicdVBLS8NAGNzUR7U+2urRy2JRPEhJiqDHYi8eFawKJpTNZtsu7iPsfhFKyC/xqr/Hsz/Em4jbNgdbceCDYeYbGCZOBbfg+x9eZWV1bb26sVnb2t7ZrTeae3dWZ4ayPtVCm4eYWCa4Yn3gINhDahiRsWD38VNv6t8/M2O5VrcwSVkkyUjxIacEnDRo1AGHXOEwD05xJyzwoNHy2/4M+C8JStJCJa4HTe84TDTNJFNABbH2MfBTiHJigFPBilqYWZYS+kRG7NFRRSSzUT5rXuAjpyR4qI07BXim/k7kRFo7kbH7lATGdtmbiv95MJbFoiZG2nAnc/qPsdQWhhdRzlWaAVN0XnaYCQwaT6fECTeMgpg4QqjLc4rpmBhCwQ1eC2fBvKelJCqxhVs2WN7xL7nrtAO/HdyctbqX5cYb6AAdohMUoHPURVfoGvURRRl6Qa/ozXv3Pr0v73v+WvHKzD5aQKX6A4Pds6Y=</latexit>

Class 1

Class 2

<latexit sha1_base64="rMXlSURKw/lPFTiW5kl0pUi/7d0=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1m067dR9jdiCX0P3jV3+Of8C94E68e3KQ52JYOfDDMfAPDBDElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWyH0CFKeG4o4mmuB9LDFlAcS+YtDK/94ylIoI/6mmMfQZHnEQEQW2krhdE6ctsWK07DSeHvUrcgtRBgfawZl14oUAJw1wjCpUauE6s/RRKTRDFs4qXKBxDNIEjPDCUQ4aVn+Z1Z/a5UUI7EtIc13au/k+kkCk1ZYH5ZFCP1bKXies8PWazRY2OhCRGJmiNsdRWR7d+SnicaMzRvGyUUFsLO9vPDonESNOpIRCZPEE2GkMJkTYrV7w8mLYEY5CHKlvWXd5xlXSvGq7TcB+u6827YuMyOAVn4BK44AY0wT1ogw5A4Am8gjfwbn1YX9a39TN/LVlF5gQswPr9Azseskg=</latexit>
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Discriminative Classifiers

Discriminative: Classifier tries to either:

▶ or learn p(t|x) directly

<latexit sha1_base64="uzwkkbRv9lARg/7NOVgD9IzAuR4=">AAACTXicdVBLSwJRGL1jD80eWi3bDElhG5mJoJZSm5YGmYKK3Lne0Yv3Mdz7TSjT/JK29Xta90PaRXS1WaTigQ8O53wHDieIODPgeZ9ObmNzaztf2Cnu7u0flMqHR09GxZrQJlFc6XaADeVM0iYw4LQdaYpFwGkrGN/N/NYz1YYp+QjTiPYEHkoWMoLBSv1yKarCSxfoBIIwmaQX/XLFq3lzuKvEz0gFZWj0D53z7kCRWFAJhGNjOr4XQS/BGhjhNC12Y0MjTMZ4SDuWSiyo6SXz5ql7ZpWBGyptT4I7V/8nEiyMmYrAfgoMI7PszcR1HoxEuqjxodLMyoysMZbaQnjTS5iMYqCS/JUNY+6CcmdTugOmKQE+tQQTm2fEJSOsMQE7eLE7DyZ3SggsBya1y/rLO66Sp8ua79X8h6tK/TbbuIBO0CmqIh9dozq6Rw3URATF6BW9oXfnw/lyvp2fv9eck2WO0QJy+V+VbbVK</latexit>

Class 1

Class 2

<latexit sha1_base64="rMXlSURKw/lPFTiW5kl0pUi/7d0=">AAACQnicdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWMF+4AmlM1m067dR9jdiCX0P3jV3+Of8C94E68e3KQ52JYOfDDMfAPDBDElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWyH0CFKeG4o4mmuB9LDFlAcS+YtDK/94ylIoI/6mmMfQZHnEQEQW2krhdE6ctsWK07DSeHvUrcgtRBgfawZl14oUAJw1wjCpUauE6s/RRKTRDFs4qXKBxDNIEjPDCUQ4aVn+Z1Z/a5UUI7EtIc13au/k+kkCk1ZYH5ZFCP1bKXies8PWazRY2OhCRGJmiNsdRWR7d+SnicaMzRvGyUUFsLO9vPDonESNOpIRCZPEE2GkMJkTYrV7w8mLYEY5CHKlvWXd5xlXSvGq7TcB+u6827YuMyOAVn4BK44AY0wT1ogw5A4Am8gjfwbn1YX9a39TN/LVlF5gQswPr9Azseskg=</latexit>
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Generative Classifiers

How about this approach: Build a model of “what data for a class looks like”

Generative classifiers try to model p(x, t). If we know p(t) we can easily
compute p(x|t).

<latexit sha1_base64="A1zM+YNHgud71RITtqvuYSqWztU=">AAACTXicdVBLS8NAGNzUR7U+2urRy2JRPEhJiqDHYi8eFawKJpTNZtsu7iPsfhFKyC/xqr/Hsz/Em4jbNgdbceCDYeYbGCZOBbfg+x9eZWV1bb26sVnb2t7ZrTeae3dWZ4ayPtVCm4eYWCa4Yn3gINhDahiRsWD38VNv6t8/M2O5VrcwSVkkyUjxIacEnDRo1AGHXOEwD05xJyzwoNHy2/4M+C8JStJCJa4HTe84TDTNJFNABbH2MfBTiHJigFPBilqYWZYS+kRG7NFRRSSzUT5rXuAjpyR4qI07BXim/k7kRFo7kbH7lATGdtmbiv95MJbFoiZG2nAnc/qPsdQWhhdRzlWaAVN0XnaYCQwaT6fECTeMgpg4QqjLc4rpmBhCwQ1eC2fBvKelJCqxhVs2WN7xL7nrtAO/HdyctbqX5cYb6AAdohMUoHPURVfoGvURRRl6Qa/ozXv3Pr0v73v+WvHKzD5aQKX6A4Pds6Y=</latexit>

Class 1

Class 2

<latexit sha1_base64="0u0x+8EmybAU17NyWKAafUrnS5E=">AAACT3icdVBLS8NAGNzUd321evSyWBS9lEQEPRZ78ahgbaEtZbPdtIv7CLtftCXmp3jV3+PRX+JN3NYcbEsHPhhmvoFhwlhwC77/5RVWVtfWNza3its7u3v7pfLBo9WJoaxBtdCmFRLLBFesARwEa8WGERkK1gyf6hO/+cyM5Vo9wDhmXUkGikecEnBSr1SOzzrARhBG6SjDrxjOe6WKX/WnwIskyEkF5bjrlb3TTl/TRDIFVBBr24EfQzclBjgVLCt2EstiQp/IgLUdVUQy202n3TN84pQ+jrRxpwBP1f+JlEhrxzJ0n5LA0M57E3GZB0OZzWpioA13MqdLjLm2EF13U67iBJiif2WjRGDQeDIm7nPDKIixI4S6PKeYDokhFNzkxc40mNa1lET1beaWDeZ3XCSPF9XArwb3l5XaTb7xJjpCx+gMBegK1dAtukMNRNELekPv6MP79L69n0L+WvBycohmUNj6BUBAtJ8=</latexit>

<latexit sha1_base64="A1zM+YNHgud71RITtqvuYSqWztU=">AAACTXicdVBLS8NAGNzUR7U+2urRy2JRPEhJiqDHYi8eFawKJpTNZtsu7iPsfhFKyC/xqr/Hsz/Em4jbNgdbceCDYeYbGCZOBbfg+x9eZWV1bb26sVnb2t7ZrTeae3dWZ4ayPtVCm4eYWCa4Yn3gINhDahiRsWD38VNv6t8/M2O5VrcwSVkkyUjxIacEnDRo1AGHXOEwD05xJyzwoNHy2/4M+C8JStJCJa4HTe84TDTNJFNABbH2MfBTiHJigFPBilqYWZYS+kRG7NFRRSSzUT5rXuAjpyR4qI07BXim/k7kRFo7kbH7lATGdtmbiv95MJbFoiZG2nAnc/qPsdQWhhdRzlWaAVN0XnaYCQwaT6fECTeMgpg4QqjLc4rpmBhCwQ1eC2fBvKelJCqxhVs2WN7xL7nrtAO/HdyctbqX5cYb6AAdohMUoHPURVfoGvURRRl6Qa/ozXv3Pr0v73v+WvHKzD5aQKX6A4Pds6Y=</latexit>

Class 1

Class 2

<latexit sha1_base64="0u0x+8EmybAU17NyWKAafUrnS5E=">AAACT3icdVBLS8NAGNzUd321evSyWBS9lEQEPRZ78ahgbaEtZbPdtIv7CLtftCXmp3jV3+PRX+JN3NYcbEsHPhhmvoFhwlhwC77/5RVWVtfWNza3its7u3v7pfLBo9WJoaxBtdCmFRLLBFesARwEa8WGERkK1gyf6hO/+cyM5Vo9wDhmXUkGikecEnBSr1SOzzrARhBG6SjDrxjOe6WKX/WnwIskyEkF5bjrlb3TTl/TRDIFVBBr24EfQzclBjgVLCt2EstiQp/IgLUdVUQy202n3TN84pQ+jrRxpwBP1f+JlEhrxzJ0n5LA0M57E3GZB0OZzWpioA13MqdLjLm2EF13U67iBJiif2WjRGDQeDIm7nPDKIixI4S6PKeYDokhFNzkxc40mNa1lET1beaWDeZ3XCSPF9XArwb3l5XaTb7xJjpCx+gMBegK1dAtukMNRNELekPv6MP79L69n0L+WvBycohmUNj6BUBAtJ8=</latexit>

<latexit sha1_base64="Sj/drePwL/dZRHVGzeB2JTimec0="></latexit>
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Generative Classifiers

How about this approach: Build a model of “what data for a class looks like”

Generative classifiers try to model p(x, t). If we know p(t) we can easily
compute p(x|t).
Classification via Bayes rule (thus also called Bayes classifiers).

<latexit sha1_base64="A1zM+YNHgud71RITtqvuYSqWztU=">AAACTXicdVBLS8NAGNzUR7U+2urRy2JRPEhJiqDHYi8eFawKJpTNZtsu7iPsfhFKyC/xqr/Hsz/Em4jbNgdbceCDYeYbGCZOBbfg+x9eZWV1bb26sVnb2t7ZrTeae3dWZ4ayPtVCm4eYWCa4Yn3gINhDahiRsWD38VNv6t8/M2O5VrcwSVkkyUjxIacEnDRo1AGHXOEwD05xJyzwoNHy2/4M+C8JStJCJa4HTe84TDTNJFNABbH2MfBTiHJigFPBilqYWZYS+kRG7NFRRSSzUT5rXuAjpyR4qI07BXim/k7kRFo7kbH7lATGdtmbiv95MJbFoiZG2nAnc/qPsdQWhhdRzlWaAVN0XnaYCQwaT6fECTeMgpg4QqjLc4rpmBhCwQ1eC2fBvKelJCqxhVs2WN7xL7nrtAO/HdyctbqX5cYb6AAdohMUoHPURVfoGvURRRl6Qa/ozXv3Pr0v73v+WvHKzD5aQKX6A4Pds6Y=</latexit>

Class 1

Class 2

<latexit sha1_base64="0u0x+8EmybAU17NyWKAafUrnS5E=">AAACT3icdVBLS8NAGNzUd321evSyWBS9lEQEPRZ78ahgbaEtZbPdtIv7CLtftCXmp3jV3+PRX+JN3NYcbEsHPhhmvoFhwlhwC77/5RVWVtfWNza3its7u3v7pfLBo9WJoaxBtdCmFRLLBFesARwEa8WGERkK1gyf6hO/+cyM5Vo9wDhmXUkGikecEnBSr1SOzzrARhBG6SjDrxjOe6WKX/WnwIskyEkF5bjrlb3TTl/TRDIFVBBr24EfQzclBjgVLCt2EstiQp/IgLUdVUQy202n3TN84pQ+jrRxpwBP1f+JlEhrxzJ0n5LA0M57E3GZB0OZzWpioA13MqdLjLm2EF13U67iBJiif2WjRGDQeDIm7nPDKIixI4S6PKeYDokhFNzkxc40mNa1lET1beaWDeZ3XCSPF9XArwb3l5XaTb7xJjpCx+gMBegK1dAtukMNRNELekPv6MP79L69n0L+WvBycohmUNj6BUBAtJ8=</latexit>

<latexit sha1_base64="Sj/drePwL/dZRHVGzeB2JTimec0="></latexit>
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Generative vs. Discriminative

Two approaches to classification:

Discriminative approach: estimate parameters of decision
boundary/class separator directly from labeled examples.

▶ Tries to solve: How do I separate the classes?
▶ Sometimes this means modelling p(t |x), e.g., logistic regression.
▶ Sometimes this means learning a decision rule without a

probabilistic interpretation, e.g., KNN or SVM.

Generative approach: model the distribution of inputs generated
from the class (Bayes classifier).

▶ Tries to solve: What does each class “look” like?

▶ Build a model of p(x|t) and p(t).

▶ Apply Bayes Rule to compute p(t|x)
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A Generative Model: Bayes Classifier

Aim to classify text into spam/not-spam (yes t = 1; no t = 0)

Example: “You are one of the very few who have been selected as
a winner for the free $1000 Gift Card.”

Use bag-of-words features, get binary vector x for each email

Vocabulary:
▶ “a”: 1
▶ ...
▶ “car”: 0
▶ “card”: 1
▶ ...
▶ “win”: 0
▶ “winner”: 1
▶ “winter”: 0
▶ ...
▶ “you”: 1
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Bayes Classifier

Given features x = [x1, x2, · · · , xD]⊤ we want to compute class
probabilities using Bayes Rule:

p(t|x)︸ ︷︷ ︸
Pr. class given words

=
p(x, t)

p(x)
=

Pr. words given class︷ ︸︸ ︷
p(x|t) p(t)

p(x)

Each of these terms have specific names:

posterior =
Class likelihood× prior

Evidence

How can we compute p(x) for the two class case? (Do we need to?)

p(x) = p(x|t = 0)p(t = 0) + p(x|t = 1)p(t = 1)

To compute p(t|x) we need: p(x|t) and p(t)

We would like to learn p(x|t) and p(t) from data. How?
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Näıve Bayes

Näıve Bayes Classifier
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Näıve Bayes

Assume that we have two classes: spam and non-spam. We have a
dictionary of D words, and binary features x = [x1, . . . , xD] saying
whether each word appears in the e-mail.

If we define a joint distribution p(t, x1, . . . , xD), this gives enough
information to determine p(t) and p(x|t).

Q: How many parameters do you need to specify such a joint
distribution?
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Näıve Bayes

Problem: specifying a joint distribution p(t, x1, . . . , xD) over D + 1
binary variables requires 2D+1 − 1 entries. This is computationally
prohibitive and requires an absurd amount of data to fit.

We would like to impose structure on the distribution such that:
▶ it can be compactly represented
▶ learning and inference are both tractable

Intro ML (UofT) CSC2515-Lec6 20 / 69



Näıve Bayes

Näıve assumption: Näıve Bayes assumes that the word features xi
are conditionally independent given the class t.

▶ This means that xi and xj are independent conditioned on the class
label t, i.e.,

p(xi, xj |t) = p(xi|t)p(xj |t),

for i ̸= j.
▶ This doesn’t mean they are independent.

▶ Q: Why?

▶ Therefore, we have

p(t, x1, . . . , xD) = p(t)p(x1|t) · · · p(xD|t).
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Conditional Independence (Detour)

Conditional independence does not imply independence.

P {A,B|C} = P {A|C}P {B|C} ⇍⇒ P {A,B} = P {A}P {B}

Person A and Person B are randomly selected in the world.
▶ The probability they catch COVID within the next month is

independent: P {A,B} = P {A}P {B}.
▶ Consider event C: A and B live in the same household.
▶ Conditioned on C, the probability they catch COVID within the

next month is not independent anymore.
▶ Knowledge of A catching COVID says something about the

probability of B catching it, if they are in the same household.

Consider a child vocabulary size (A) and their weight (B).
▶ A and B are not independent. Knowing how heavy a child is tells us

something about how extensive their vocabulary is.
▶ Conditioned on their age (C), A and B becomes independent

though.

Q: Other examples of conditional independence?
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Näıve Bayes

The joint distribution is represented as

p(t, x1, . . . , xD) = p(t)p(x1|t) · · · p(xD|t).

Compact representation of the joint distribution
▶ Prior probability of class: p(t = 1) = π (e.g., spam email), and

hence p(t = 0) = 1− π.
▶ Conditional probability of word feature given class:

p(xj = 1|t) = θjt (e.g., word “price” appearing in spam), and hence
p(xj = 0|t) = 1− θjt.

▶ 2D + 1 parameters total (before 2D+1 − 1)
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Bayes Nets

We can represent this model using a directed graphical model, or a
Bayesian network:

<latexit sha1_base64="LCmPkt37kWjUZkWygPBB8OXaCZE=">AAACPXicdVBLS0JBGJ1rL7OX1rLNkBSt5N4Iaim5aamQJqjI3LlzdXAel5nvBnLxF7St39Pv6Ae0i7ZtGx+LVDzwweGc78DhhIngFnz/08ttbe/s7uX3CweHR8cnxdJpy+rUUNakWmjTDollgivWBA6CtRPDiAwFew5Htan//MKM5Vo9wThhPUkGisecEnBSA/rFsl/xZ8DrJFiQMlqg3i95V91I01QyBVQQazuBn0AvIwY4FWxS6KaWJYSOyIB1HFVEMtvLZk0n+NIpEY61cacAz9T/iYxIa8cydJ+SwNCuelNxkwdDOVnWxEAb7mRONxgrbSG+72VcJSkwRedl41Rg0Hg6HY64YRTE2BFCXZ5TTIfEEApu4EJ3FsxqWkqiIjtxywarO66T1k0l8CtB47ZcfVhsnEfn6AJdowDdoSp6RHXURBQx9Ire0Lv34X15397P/DXnLTJnaAne7x+Njq/2</latexit>

xD
<latexit sha1_base64="yzDbx3nsADzDctGDZFlS28O5VN0=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHov14LGifUAbymazSZfuI+xuxBLyE7zq7/Fn+Au8iVdvbtMcbEsHPhhmvoFh/JgSpR3n01pb39jc2i7tlHf39g8OK9WjjhKJRLiNBBWy50OFKeG4rYmmuBdLDJlPcdcfN6d+9xlLRQR/0pMYewxGnIQEQW2kx5fh3bBSc+pODnuZuAWpgQKtYdU6HwQCJQxzjShUqu86sfZSKDVBFGflQaJwDNEYRrhvKIcMKy/Nu2b2mVECOxTSHNd2rv5PpJApNWG++WRQj9SiNxVXeXrEsnmNRkISIxO0wlhoq8MbLyU8TjTmaFY2TKithT0dzw6IxEjTiSEQmTxBNhpBCZE2E5cHeTBtCsYgD1RmlnUXd1wmncu669Tdh6ta47bYuAROwCm4AC64Bg1wD1qgDRCIwCt4A+/Wh/VlfVs/s9c1q8gcgzlYv38N/rCx</latexit><latexit sha1_base64="yzDbx3nsADzDctGDZFlS28O5VN0=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHov14LGifUAbymazSZfuI+xuxBLyE7zq7/Fn+Au8iVdvbtMcbEsHPhhmvoFh/JgSpR3n01pb39jc2i7tlHf39g8OK9WjjhKJRLiNBBWy50OFKeG4rYmmuBdLDJlPcdcfN6d+9xlLRQR/0pMYewxGnIQEQW2kx5fh3bBSc+pODnuZuAWpgQKtYdU6HwQCJQxzjShUqu86sfZSKDVBFGflQaJwDNEYRrhvKIcMKy/Nu2b2mVECOxTSHNd2rv5PpJApNWG++WRQj9SiNxVXeXrEsnmNRkISIxO0wlhoq8MbLyU8TjTmaFY2TKithT0dzw6IxEjTiSEQmTxBNhpBCZE2E5cHeTBtCsYgD1RmlnUXd1wmncu669Tdh6ta47bYuAROwCm4AC64Bg1wD1qgDRCIwCt4A+/Wh/VlfVs/s9c1q8gcgzlYv38N/rCx</latexit><latexit sha1_base64="yzDbx3nsADzDctGDZFlS28O5VN0=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHov14LGifUAbymazSZfuI+xuxBLyE7zq7/Fn+Au8iVdvbtMcbEsHPhhmvoFh/JgSpR3n01pb39jc2i7tlHf39g8OK9WjjhKJRLiNBBWy50OFKeG4rYmmuBdLDJlPcdcfN6d+9xlLRQR/0pMYewxGnIQEQW2kx5fh3bBSc+pODnuZuAWpgQKtYdU6HwQCJQxzjShUqu86sfZSKDVBFGflQaJwDNEYRrhvKIcMKy/Nu2b2mVECOxTSHNd2rv5PpJApNWG++WRQj9SiNxVXeXrEsnmNRkISIxO0wlhoq8MbLyU8TjTmaFY2TKithT0dzw6IxEjTiSEQmTxBNhpBCZE2E5cHeTBtCsYgD1RmlnUXd1wmncu669Tdh6ta47bYuAROwCm4AC64Bg1wD1qgDRCIwCt4A+/Wh/VlfVs/s9c1q8gcgzlYv38N/rCx</latexit><latexit sha1_base64="yzDbx3nsADzDctGDZFlS28O5VN0=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSiKCHov14LGifUAbymazSZfuI+xuxBLyE7zq7/Fn+Au8iVdvbtMcbEsHPhhmvoFh/JgSpR3n01pb39jc2i7tlHf39g8OK9WjjhKJRLiNBBWy50OFKeG4rYmmuBdLDJlPcdcfN6d+9xlLRQR/0pMYewxGnIQEQW2kx5fh3bBSc+pODnuZuAWpgQKtYdU6HwQCJQxzjShUqu86sfZSKDVBFGflQaJwDNEYRrhvKIcMKy/Nu2b2mVECOxTSHNd2rv5PpJApNWG++WRQj9SiNxVXeXrEsnmNRkISIxO0wlhoq8MbLyU8TjTmaFY2TKithT0dzw6IxEjTiSEQmTxBNhpBCZE2E5cHeTBtCsYgD1RmlnUXd1wmncu669Tdh6ta47bYuAROwCm4AC64Bg1wD1qgDRCIwCt4A+/Wh/VlfVs/s9c1q8gcgzlYv38N/rCx</latexit>

x2
<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit><latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit><latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit><latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

x1
<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit><latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit><latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit><latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

This graph structure means that the joint distribution factorizes
as a product of conditional distributions for each variable given its
parent(s).

Intuitively, one can think of the edges as reflecting a causal
structure. But mathematically, this doesn’t hold without
additional assumptions.

This is a simple graphical model. There are more complex
structures too.
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Näıve Bayes: Learning

The parameters can be learned efficiently because the
log-likelihood decomposes into independent terms for each feature.

ℓ(θ) =
N∑
i=1

log p(t(i),x(i)) =
N∑
i=1

log
{
p(x(i)|t(i))p(t(i))

}
=

N∑
i=1

log
{
p(t(i))

D∏
j=1

p(x
(i)
j | t(i))

}

=

N∑
i=1

[
log p(t(i)) +

D∑
j=1

log p(x
(i)
j | t(i))

]

=

N∑
i=1

log p(t(i))︸ ︷︷ ︸
Bernoulli log-likelihood

of labels

+

D∑
j=1

N∑
i=1

log p(x
(i)
j | t(i))︸ ︷︷ ︸

Bernoulli log-likelihood
for feature xj

Each of these log-likelihood terms depends on different sets of
parameters, so they can be optimized independently.
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Näıve Bayes: Learning

We can handle these terms separately. For the prior we maximize:

N∑
i=1

log p(t(i))

This is a minor variant of our coin flip example:

Let p(t(i) = 1)=π.

Note: p(t(i)) = πt(i)(1− π)1−t(i) .
Log-likelihood:

N∑
i=1

log p(t(i)) =
N∑
i=1

t(i) log π +
N∑
i=1

(1− t(i)) log(1− π)

Obtain MLEs by setting derivatives to zero (Verify it!):

π̂ =

∑
i I{t(i) = 1}

N
=

# spams in dataset

total # samples
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Näıve Bayes: Learning

Each θjt’s can be treated separately:

max
θjt

N∑
i=1

log p(x
(i)
j | t(i)).

This is (again) a minor variant of our coin flip example.

Recall that θjt = p(x
(i)
j = 1 | t).

Note that

p(x
(i)
j | t) = p(x

(i)
j = 1 | t)x

(i)
j p(x

(i)
j = 0 | t)1−x

(i)
j = θ

x
(i)
j

jt (1− θjt)
1−x

(i)
j .

Log-likelihood:

N∑
i=1

log p(x
(i)
j | t(i)) =

N∑
i=1

t(i)
{
x
(i)
j log θj1 + (1− x

(i)
j ) log(1− θj1)

}
+

N∑
i=1

(1− t(i))
{
x
(i)
j log θj0 + (1− x

(i)
j ) log(1− θj0)

}
Intro ML (UofT) CSC2515-Lec6 27 / 69



Näıve Bayes: Learning

Log-likelihood:

N∑
i=1

log p(x
(i)
j | t(i)) =

N∑
i=1

t(i)
{
x
(i)
j log θj1 + (1− x

(i)
j ) log(1− θj1)

}
+

N∑
i=1

(1− t(i))
{
x
(i)
j log θj0 + (1− x

(i)
j ) log(1− θj0)

}
Obtain MLEs by setting derivatives to zero:

θ̂jt =

∑
i I{x

(i)
j = 1 & t(i) = t}∑
i I{t(i) = t}

for t = 1
=

#word j appears in spams

# spams in dataset
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Näıve Bayes: Inference

We predict the category of an input x by performing inference in
the model.

Apply Bayes’ Rule:

p(t |x) = p(t)p(x | t)∑
t′ p(t

′)p(x | t′)
=

p(t)
∏D

j=1 p(xj | t)∑
t′ p(t

′)
∏D

j=1 p(xj | t′)

We do not need to compute the denominator if we merely want to
determine the most likely t. [Q: Why?]

Shorthand notation:

p(t |x) ∝ p(t)

D∏
j=1

p(xj | t)

For input x, predict by computing the values of p(t)
∏D

j=1 p(xj | t)
for different t and choose the largest.
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Näıve Bayes

Näıve Bayes is a computationally cheap learning algorithm.

Training time: estimate parameters using maximum likelihood
▶ Compute co-occurrence counts of each feature with the labels.
▶ Requires only one pass through the data.

Test time: apply Bayes’ Rule
▶ Cheap because of the model structure. (For more general models,

Bayesian inference can be very expensive and/or complicated.)

We covered the Bernoulli case for simplicity. But our analysis
easily extends to other probability distributions.

Unfortunately, it is usually less accurate in practice compared to
discriminative models due to its “näıve” conditional independence
assumption.
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Bayesian Parameter Estimation

Bayesian Parameter Estimation
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MLE Issue: Data Sparsity

Maximum likelihood has a pitfall: if you have too little data, it
can overfit.

Example: What if you flip the coin twice and get H both times?

θ̂ML =
NH

NH +NT
=

2

2 + 0
= 1

Because it never observed T, it would assign the probability of 0
to the future appearance of T. This is not an intuitively reasonable
answer. It was just unlucky that we did not observe any T in two
flips, but it does not mean that the coin would never be a T. This
is an example of overfitting. And this problem is sometimes known
as data sparsity.

We can mitigate this issue by using a Bayesian approach to
estimation and inference.
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Bayesian Parameter Estimation and Inference

In maximum likelihood, the observations are treated as random
variables, but the parameters are not.

! "

The Bayesian approach treats the parameters as random variables
as well. The parameter θ has a prior probability, specified by
another parameter β.

β " #

To define a Bayesian model, we need to specify two distributions:
▶ The prior distribution p(θ), which encodes our beliefs about the

parameters before we observe the data
▶ The likelihood p(D |θ), same as in maximum likelihood
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Bayesian Parameter Estimation and Inference

When we update our beliefs based on the observations, we
compute the posterior distribution using Bayes’ Rule:

p(θ | D) =
p(θ)p(D |θ)∫

p(θ′)p(D |θ′) dθ′ .

We rarely ever compute the denominator explicitly. In general, it
is computationally intractable.

Remark

There is a subtle difference between the interpretation of probability
according to a Bayesian and a frequentist (who recommends MLE or
its regularized variants). For the former, probability is a degree of
belief about the truth of a statement; for the latter, a probability is the
number of times a statement is true when we observe a lot of samples.
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Bayesian Parameter Estimation and Inference

Let’s revisit the coin example. We already know the likelihood:

L(θ) = p(D|θ) = θNH (1− θ)NT

It remains to specify the prior p(θ).
▶ We can choose an uninformative prior, which assumes as little as

possible. A reasonable choice in this case is the uniform prior.
▶ But our experience with coins in our lifetime tells us 0.5 is more

likely than 0.99. We believe that coins are more likely to be fair.
▶ One particularly useful probability distribution that lets us easily

specify our prior belief for this problem is the beta distribution:

p(θ; a, b) =
Γ(a+ b)

Γ(a)Γ(b)
θa−1(1− θ)b−1.

▶ Γ is the gamma function and has the property of Γ(n) = (n− 1)! for
positive integer n.

▶ The notation for proportionality lets us ignore the normalization
constant:

p(θ; a, b) ∝ θa−1(1− θ)b−1.
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Bayesian Parameter Estimation and Inference

Beta distribution for various values of a, b:

Some observations:

▶ The expectation E[θ] = a/(a+ b) (easy to derive).
▶ The distribution gets more peaked when a and b are large.
▶ The uniform distribution is the special case where a = b = 1.

The beta distribution is used as a prior for the Bernoulli distribution.

Intro ML (UofT) CSC2515-Lec6 36 / 69



Bayesian Parameter Estimation and Inference

Computing the posterior distribution:

p(θ | D) ∝ p(θ)p(D |θ)

∝
[
θa−1(1− θ)b−1

] [
θNH (1− θ)NT

]
= θa−1+NH (1− θ)b−1+NT .

This is just a beta distribution with parameters NH + a and
NT + b.

The posterior expectation of θ is:

E[θ | D] =
NH + a

NH +NT + a+ b

The parameters a and b of the prior can be thought of as
pseudo-counts.

▶ The reason this works is that the prior and likelihood have the same
functional form. This phenomenon is known as conjugacy
(conjugate priors), and it is very useful in computation of posteriors.
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Bayesian Parameter Estimation and Inference

Bayesian inference for the coin flip example:

Small data setting
NH = 2, NT = 0

Large data setting
NH = 55, NT = 45

When you have enough observations, the data overwhelm the prior.
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Bayesian Parameter Estimation and Inference

What do we actually do with the posterior?

The posterior predictive distribution is the distribution over future
observables given the past observations. We compute this by
marginalizing out the parameter(s):

p(D′ | D) =

∫
p(θ | D)p(D′ |θ) dθ.

For the coin flip example:

θpred = Pr(x′ = H | D)

=

∫
p(θ | D)Pr(x′ = H | θ) dθ

=

∫
Beta(θ;NH + a,NT + b) · θ dθ

= EBeta(θ;NH+a,NT+b)[θ]

=
NH + a

NH +NT + a+ b
.
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Bayesian Parameter Estimation and Inference

Bayesian estimation of the mean temperature in Toronto

Assume observations are
i.i.d. Gaussian with known
standard deviation σ and
unknown mean µ

Broad Gaussian prior over µ,
centered at 0

We can compute the posterior
and posterior predictive
distributions analytically
(derivation omitted)

Q: Why is the posterior
predictive distribution more
spread out than the posterior
distribution?
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Comparison of MLE and Bayesian Estimation

The Bayesian approach deals better with data sparsity

The Bayesian approach allows us to incorporate prior knowledge
in some cases.

▶ But choosing prior is not always easy.
▶ Q: How do we incorporate our prior knowledge in MLE?
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Comparison of MLE and Bayesian Estimation

Maximum likelihood is an optimization problem, while Bayesian
parameter estimation is an integration problem (taking
expectation).

▶ This means maximum likelihood is much easier in practice, since we
can just do gradient descent.

▶ Automatic differentiation packages make it really easy to compute
gradients.
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Maximum A-Posteriori Estimation

Maximum a-posteriori (MAP) estimation: find the most likely
parameter settings under the posterior

This is an approximation of the full Bayesian estimation and
inference, because it only finds one parameter instead of having a
probability distribution over them.
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Maximum A-Posteriori Estimation

This converts the Bayesian parameter estimation problem into a
maximization problem

θ̂MAP = argmax
θ

p(θ | D)

= argmax
θ

p(θ,D)

= argmax
θ

p(θ) p(D |θ)

= argmax
θ

log p(θ) + log p(D |θ)
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Maximum A-Posteriori Estimation

Joint probability in the coin flip example:
Recall that the posterior is the Beta distribution:

p(θ | D) ∝ p(θ)p(D |θ) ∝
[
θa−1(1− θ)b−1

] [
θNH (1− θ)NT

]
,

so we get that

log p(θ,D) = log p(θ) + log p(D | θ)
= Const + (a− 1) log θ + (b− 1) log(1− θ) +NH log θ +NT log(1− θ)

= Const + (NH + a− 1) log θ + (NT + b− 1) log(1− θ)

Maximize by finding a critical point

0 =
d

dθ
log p(θ,D) =

NH + a− 1

θ
− NT + b− 1

1− θ

Solving for θ,

θ̂MAP =
NH + a− 1

NH +NT + a+ b− 2
.
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Comparison: MLE, MAP, and Bayesian

Comparison of estimates in the coin flip example:

Formula NH = 2, NT = 0 NH = 55, NT = 45

θ̂ML
NH

NH+NT
1 55

100 = 0.55

E[θ|D] NH+a
NH+NT+a+b

4
6 ≈ 0.67 57

104 ≈ 0.548

θ̂MAP
NH+a−1

NH+NT+a+b−2
3
4 = 0.75 56

102 ≈ 0.549

θ̂MAP assigns nonzero probabilities as long as a, b > 1.
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Gaussian Discriminant Analysis

Gaussian Discriminant Analysis
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Gaussian Discriminant Analysis

Generative models – data generating distribution p(x|t = k)

Instead of trying to separate classes, try to model what each class
“looks like”.

Recall that p(x|t = k) may be very complex

p(x1, · · · , xd, t) = p(x1|x2, . . . , xd, t) · · · p(xd−1|xd, t)p(xd|t)p(t)

Näıve Bayes used a conditional independence assumption to get

p(x1, · · · , xd, t) = p(x1|t) · · · p(xd−1|t)p(xd|t)p(t)

What else could we do?
▶ Choose a simple distribution.

Next, we will discuss fitting Gaussian distributions to our data.
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Bayes Classifier

Let’s take a step back.

Bayes Classifier

h(x) = argmax
k

p(t = k|x) = argmax
k

p(x|t = k)p(t = k)

p(x)

= argmax
k

p(x|t = k)p(t = k)

We previously talked about discrete x. What if x is continuous?
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Classification: Diabetes Example

Observation per patient: White blood cell count & glucose value.

How can we model p(x|t = k)?
▶ Multivariate Gaussian
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Multivariate Data

Multiple measurements (sensors)

D inputs/features/attributes

N instances/observations/examples

X =


[x(1)]⊤

[x(2)]⊤

...

[x(N)]⊤

 =


x
(1)
1 x

(1)
2 · · · x

(1)
D

x
(2)
1 x

(2)
2 · · · x

(2)
D

...
...

. . .
...

x
(N)
1 x

(N)
2 · · · x

(N)
D



Intro ML (UofT) CSC2515-Lec6 51 / 69



Multivariate Parameters

Mean
E[x(i)] = µ = [µ1, · · · , µd]

⊤ ∈ RD

Covariance

Σ = Cov
(
x(i)

)
= E[(x(i)−µ)(x(i)−µ)⊤] =


σ2
1 σ12 · · · σ1D

σ12 σ2
2 · · · σ2D

...
...

. . .
...

σD1 σD2 · · · σ2
D


The mean and covariance are enough to represent a Gaussian
distribution. This is not true for all distributions.
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Multivariate Gaussian Distribution

x ∼ N (µ,Σ), a Gaussian (or normal) distribution defined as

p(x) =
1

(2π)D/2|Σ|1/2
exp

[
−1

2
(x− µ)TΣ−1(x− µ)

]
,

where |Σ| is the determinant of the covariance matrix Σ.

Why do we like Gaussian distributions?
▶ The Central Limit Theorem says that sums of independent random

variables are approximately Gaussian.
▶ The r.v. do not need to be Gaussians themselves.

▶ We often use Gaussian distributions because they make the
calculations easy.
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Bivariate Normal

Σ =

(
1 0
0 1

)
Σ = 0.5

(
1 0
0 1

)
Σ = 2

(
1 0
0 1

)

Figure: Probability density function

Figure: Contour plot of the pdf
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Bivariate Normal

Σ =

(
1 0
0 1

)
Σ =

(
1 0.5
0.5 1

)
Σ =

(
1 0.8
0.8 1

)

Figure: Probability density function

Figure: Contour plot of the pdf
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Maximum Likelihood

Suppose we want to model the distribution of highest and lowest
temperatures in Toronto in March, and we’ve recorded the
following observations :(

(-2.5,-7.5) (-9.9,-14.9) (-12.1,-17.5) (-8.9,-13.9) (-6.0,-11.1)

Assume they are drawn from a Gaussian distribution with mean
µ, and covariance Σ. We want to estimate these using data.
Log-likelihood function:

ℓ(µ,Σ) = log

N∏
i=1

[
1

(2π)d/2|Σ|1/2
exp

{
−1

2
(x(i) − µ)TΣ−1(x(i) − µ)

}]

=

N∑
i=1

log

[
1

(2π)d/2|Σ|1/2
exp

{
−1

2
(x(i) − µ)TΣ−1(x(i) − µ)

}]

=

N∑
i=1

− log(2π)d/2︸ ︷︷ ︸
constant

− log |Σ|1/2 − 1

2
(x(i) − µ)TΣ−1(x(i) − µ)
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Maximum Likelihood

Maximize the log-likelihood by setting the derivative to zero:

0 =
dℓ

dµ
= −

N∑
i=1

d

dµ

1

2
(x(i) − µ)TΣ−1(x(i) − µ)

= −
N∑
i=1

Σ−1(x(i) − µ) = 0

Solving we get µ̂ = 1
N

∑N
i=1 x

(i).

This is just the sample mean (or the empirical mean) of the
observed values.
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Maximum Likelihood

Similar calculation for the covariance matrix Σ yields:

Set the partial derivatives to zero, just like before

0 =
∂ℓ

∂Σ
=⇒ Σ̂ =

1

N

N∑
i=1

(x(i) − µ̂)(x(i) − µ̂)⊤

This is called the empirical covariance and comes up quite often,
e.g., PCA in the next lecture.

Derivation in multivariate case is tedious. No need to worry about
it. But it is good practice to derive this in one dimension. See
appendix.
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Gaussian Discriminant Analysis (Gaussian Bayes
Classifier)

Gaussian Discriminant Analysis in its general form assumes that
p(x|t) is distributed according to a multivariate normal (Gaussian)
distribution

Multivariate Gaussian distribution conditioned on class t = k:

p(x|t = k) =
1

(2π)D/2|Σk|1/2
exp

[
−1

2
(x− µk)

TΣ−1
k (x− µk)

]
where |Σk| denotes the determinant of the covariance matrix Σk

for class k, and D is dimension of x

Each class k has a mean vector µk and a covariance matrix Σk

Σk has O(D2) parameters - could be hard to estimate
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Gaussian Discriminant Analysis (Gaussian Bayes
Classifier)

GDA (GBC) decision boundary is based on class posterior p(tk|x).
We choose a class with the highest posterior probability, i.e.,
argmaxk p(tk|x).
This is equivalent to choosing argmaxk log p(tk|x).
Let us take a closer look at log p(tk|x).

log p(tk|x) = log
p(x|tk)p(tk)

p(x)
= log p(x|tk) + log p(tk)− log p(x)

= −D

2
log(2π)− 1

2
log |Σ−1

k | − 1

2
(x− µk)

TΣ−1
k (x− µk)

+ log p(tk)− log p(x)
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Gaussian Discriminant Analysis (Gaussian Bayes
Classifier)

log p(tk|x) =− d

2
log(2π)− 1

2
log |Σ−1

k | − 1

2
(x− µk)

TΣ−1
k (x− µk) +

log p(tk)− log p(x)

Where is the decision boundary between class k and l ̸= k?

It is where
log p(tk|x) = log p(tl|x).

Let us write it down

(x− µk)
TΣ−1

k (x− µk) = (x− µℓ)
TΣ−1

ℓ (x− µℓ) + Ck,l

xTΣ−1
k x− 2µT

kΣ
−1
k x = xTΣ−1

ℓ x− 2µT
ℓ Σ

−1
ℓ x+ Ck,l

Quadratic function in x =⇒ quadratic decision boundary

What is Ck,l? What if Σk = Σℓ?
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Decision Boundary

likelihoods)

posterior)for)t1)

discriminant:!!
P!(t1|x")!=!0.5!
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Learning

Learn the parameters for each class using maximum likelihood

Let us assume that we have two classes t = {0, 1}, and the prior
over them is specified by a Bernoulli distribution

p(t|ϕ) = ϕt(1− ϕ)1−t.

We can compute the MLE in closed form (good exercise):

ϕ̂ =
1

N

N∑
n=1

I{t(n) = 1}

µ̂k =

∑N
n=1 I{t(n) = k}x(n)∑N

n=1 I{t(n) = k}

Σ̂k =
1∑N

n=1 I{t(n) = k}

N∑
n=1

I{t(n) = k}(x(n) − µ̂t(n))(x(n) − µ̂t(n))T
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Simplifying the Model

What if x is high-dimensional?

For Gaussian Bayes Classifier, if input x is high-dimensional, then
covariance matrix has many parameters O(D2).
Save some parameters by using a shared covariance for the classes,
i.e., Σk = Σl.
Any other idea you can think of? (next lecture)
MLE in this case:

Σ̂k = Σ̂ =
1

N

N∑
n=1

(x(n) − µt(n))(x(n) − µt(n))T .

Linear decision boundary (verify this mathematically!).
This is often called Linear Discriminant Analysis (LDA).
Näıve Bayes for Gaussian: Assumes that the features xi and xj
(i ̸= j) are independent given the class t:

p(x|t = k) =

D∏
j=1

p(xj |t = k)
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Decision Boundary: Shared Variances (between Classes)

variances may be 
different 
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Gaussian Discriminative Analysis vs. Logistic
Regression

Binary classification: If you examine p(t = 1|x) under GDA and
assume Σ0 = Σ1 = Σ, you will find that it looks like this:

p(t|x, ϕ, µ0, µ1,Σ) =
1

1 + exp(−wTx)

where w is an appropriate function of (ϕ, µ0, µ1,Σ), ϕ = p(t = 1).

GDA is similar to logistic regression (LR), but parameter are
estimated differently.

When should we prefer GDA to LR, and vice versa?
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Gaussian Discriminative Analysis vs. Logistic
Regression

GDA is a generative model, LR is a discriminative model.

GDA makes stronger modelling assumption that the
class-conditional data is a multivariate Gaussian.

If this is true, GDA is asymptotically efficient.

But LR is more robust, less sensitive to incorrect modelling
assumptions (what loss is it optimizing?)

When these distributions are non-Gaussian (true almost always),
LR usually beats GDA

GDA can easily handle missing features
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Generative Models – Recap

GDA has a quadratic decision boundary; LR has a linear decision
boundary.

With shared covariance, GDA leads to a model similar to logistic
regression (but with different estimation procedure).

Generative models:
▶ Flexible models, easy to add/remove class.

▶ Handle missing data naturally

▶ More “natural” way to think about how data is generated.

Tries to solve a hard problem in order to solve a easy problem.
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Appendix: MLE for univariate Gaussian

0 =
∂ℓ

∂µ
= −

1

σ2

N∑
i=1

x(i) − µ

0 =
∂ℓ

∂σ
=

∂

∂σ

[
N∑
i=1

−
1

2
log 2π − log σ −

1

2σ2
(x(i) − µ)2

]

=
N∑
i=1

−
1

2

∂

∂σ
log 2π −

∂

∂σ
log σ −

∂

∂σ

1

2σ
(x(i) − µ)2

=
N∑
i=1

0−
1

σ
+

1

σ3
(x(i) − µ)2

= −
N

σ
+

1

σ3

N∑
i=1

(x(i) − µ)2

µ̂ML =
1

N

N∑
i=1

x(i)

σ̂ML =

√√√√ 1

N

N∑
i=1

(x(i) − µ)2
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